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Low-Velocity Impact Response of Laminated Plates

R. L. Ramkumar* and P. C. Chenf
Northrop Corporation, Hawthorne, California

An analysis is presented to predict the response of anisotropic laminated plates to low-velocity impact by a
rigid object. Transverse shear deformation in the plates is accounted for using Mindlin's theory and the
governing equations are solved using Fourier integral transforms, assuming infinite planform dimensions for the
plate. The contact area is assumed to vary with time, and the complex contact problem is replaced by a loading
history that is based on available experimental data from instrumented impact tests. Computed plate response is
used to predict initial failures, including back surface fiber/matrix failures, directly below the impact site and
internal delaminations. Analytical predictions are shown to compare well with available experimental results and
finite element solutions.

Nomenclature
= laminate in-plane stiffness matrix
= half the base length of the square contact area at

= laminate stiffness matrix that couples in-plane
and flexural response

= contact force per unit time
= cosine integral of z
= time corresponding to initial failure
= laminate flexural stiffness matrix
= laminate thickness
= Mindlin shear correction factor
= bending moment resultants
= in-plane stress resultants
= mass per unit area
= elastic stiffness matrix for a layer
= transverse shear stress resultants
= sine integral of z
= time
= displacements in the z (thickness) direction
= solution in the Fourier domain corresponding to
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\l/xf \l/y = bending slopes in the x-z, y-z planes
p = mass per unit volume

Introduction

THE response of a laminated plate to low-velocity impact
by a rigid object has been studied by many investi-

gators.1"9 The experimental investigation in Ref. 2 quantifies
the effects of low-velocity impact damage on the static
strength and lifetime of laminates that are representative of
typical fighter aircraft wing skin layups. The results indicate
that internal damage, with no visual indication on the outer
surfaces, severely affects the compressive strength and
lifetime of laminates. Low-velocity impact situations under
which such damages are induced concern designers and
maintenance personnel because routine visual inspection of
laminated structural components may fail to detect these
damages. Likewise, fiber failures and/or splitting between
fibers on the back surface, away from the undamaged im-
pacted surface, could also affect the strength and lifetime of
the laminate. Computation of temporal and spatial stresses in
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the laminate and their incorporation into reliable failure
criteria are essential for the prediction of the extent of low-
velocity impact damage induced by a rigid body.

In most of the analyses attempted thus far,3'9 the complex
contact phenomenon is accounted for indirectly, the laminate
is assumed to be orthotropic, the boundary conditions are
assumed to be simple supports, and the temporal impact loads
are assumed to act over a constant area. The analysis
presented in this paper accounts for the anisotropy in the
laminate, including bending-twisting coupling, and assumes
the contact area to vary with time. The contact phenomenon is
replaced by an equivalent loading history, and the planform
plate dimensions are assumed to be infinite to simplify the
analysis.

Analysis
The governing equations of motion for a laminated plate,

subjected to an impact load on the top surface (z = h/2) and
accounting for transverse shear deformation using Mindlin's
theory, are5

KA,5(\l/xx + wfxx) +KA44(\I/

(1)

=0 (2)

•55Wx,XT

= Pw,(t-(jz(x,y,h/2,t)

=0 (3)

In the above equations, in-plane displacements are assumed to
be negligible in comparison to the transverse displacement w
and rotatory inertia terms are not included. A{J and D^ are
laminate in-plane and bending stiffnesses,10 \l/x and \l/y are the
midplane bending slopes in the x-z and y-z planes, K is the
Mindlin shear correction factor (.= 7r2/12), and a comma after
a symbol denotes differentiation with respect to the variables
that follow the comma.

In Eq. (1), az(x, y, h/2, t) is the spatial and temporal impact
stress distribution on the impacted surface (z = h/2). Based on
the force- time traces obtained through instrumented impact
tests11 (see Fig. 1), it is assumed that impact force increases
linearly with time up to initial failure (force = C70- Initial
failure is assumed to occur at time t = c. In the instrumented
test record11 (see Fig. 1), this is manifested as the first major
unloading phenomenon in the impact force- time trace. The
nature of the initial failure, however, can be ascertained only
by computing the transient spatial stresses and incorporating
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them into appropriate failure criteria. The loading rate is
dependent on the geometry of the laminate and the impactor,
their material properties, the impact location, and the
boundary constraints. For impactors with spherical tips, the
contact radius is zero (point contact) when contact is just
established. And, depending on various impact parameters
(especially the impactor tip radius), the contact dimension
increases as the impactor causes local inelastic deformation.
This phenomenon eludes analytical prediction and involves an
indeterminate contact problem, coupled with nonlinear
anisotropic material behavior. The elliptical contact area is,
therefore, approximated by a square whose base length in-
creases linearly with time to a value of 2a at t=c. The linear
variation of contact length with time is an unsubstantiated
approximation assumed for mathematical convenience. In the
published literature, a doubly elliptical spatial distribution of
the normal stress over the contact region is commonly
assumed. However, its validity remains to be established. In
this paper the contact stress is simplified to be uniform over
the time-varying contact area. With these assumptions, the
spatial and temporal variation of contact stress is expressed as

(4)

where C; is the rate of loading
X(x,t)=l for \x\<at/c

= 0 for \x\>atlc

Y(y)t)=l for \y\<at/c

= 0 for \y\>at/c

T(t)=l for t<c

= 0 for t>c (5)
and 2a is the base length of the contact area when initial
failure occurs (t=c).

It must be noted here that the contact stress expressions in
Eqs. (4) and (5) approximate the measured loading history11

only until initial failure occurs at t-c. The total impulse due
to the actual impact phenomenon is significantly under-
estimated. However, an accurate computation of the transient
response of the impacted laminate up to t=c will suffice to
predict the nature and extent of the damage precipitated at
t=c. Moreover, beyond t-c, the presence of the damage has
to be appropriately incorporated into a modified analysis to
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Fig. 1 Sample force and energy variations with time obtained from
an instrumented impact test on a 0.25 in. thick laminate with a 0.5 in.
tip diameter impactor.11

predict the response of the damaged laminate beyond initial
failure. The laminate ceases to be a continuum and the
analysis increases in complexity. Consequently, the analysis
developed in this paper is valid only up to t=c and is aimed at
predicting the nature and extent of the initial damage.

Using Fourier integrals,12 the governing equations are
transformed from the x-y domain to the Z-rj Fourier domain.
The transformed variables in the Fourier domain are w, ̂ ,
and tyy. A simultaneous solution of transformed Eqs. (2) and
(3) yields the following relationships:

(

V
H2H9 -
HH9-

(6)

(7)

where the /// are quadratic complex functions of £, r/, and
laminate properties, which are defined as

3 = iriKA44=-H7

=~ ?D16 - ̂  (DI2+D66) -

H9 = - -KA44 (8)

Substitution of Eqs. (6) and (7) into the transformed Eq. (1)
results in the following second-order, ordinary differential
equation in w:

-.--C/c2 r. ./^ .. / A i sin^ sin^ (9)

where

Using the convolution integral, the solution to Eq. (9) is
— Cc2c r1 ) ^:~ / ,. /\ I /^>;/ l-.11 / I \ _L (~*it \yy f\\

+ cos(unt)[Si(w4t)-Si(w3t)-Si(w2t)+Si(wIt)]} (11)

CjC2

w =-t>c ( \Wjcl)+Ci( \W2c\)

-a(\w3c\)-a(\w4c\)-^!^\]

+ cos(conO (Si( W4c) -Si( W3c) -Si( W2c)

(12)

where Si(z) and C/(z) are sine and cosine integrals of z,
respectively, and

(13)

Equations (6), (7), (11), and (12) provide the solutions for the
bending slopes and the transverse displacement of the
laminated plate in the Fourier (£-77) domain. Derivatives of
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these quantities are obtained through simple manipulations of
the above expressions to yield the strains in the Fourier
domain.12 The transverse displacement w, the transverse
shear stress resultant (Qx or Qy), and the strains in the bottom
ply directly below the impact site are then transformed back
to the x-y plane using a numerical inversion routine
(FFTCC).13

Correlation Studies
The validity of the present analysis is established by

comparing its predictions with experimental measurements
and finite element solutions for a few test cases investigated
by Ramkumar.11 Tables 1 and 2 list the considered test cases
and the relevant data. In Ref. 11, [(±45/02)2/±45/0/90]2S

Table 1 Assumed laminate properties

Property
h, mm
D77,kN-m
£>72,kN-m
D16, kN-m
£>22,kN-m
D26, kN-m
£>55,kN-m
^55,MN/m
A44,MN/m
K
P, kg/m2

/zpiy,b mm

Laminate Ba

12.700
13.137
3.382
0.168
5.799
0.168
3.645

69.939
69.939
0.8225

20.193
0.264

Laminate Aa

6.350
1.642
0.423
0.021
0.725
0.021
0.456

34.969
34.969
0.8225

10.096
0.132

a Laminates A and B are 48-ply laminates with the following layup:
[(±45/02)2/±45/0/90]2S. b/zply is the individual ply thickness of
AS/3501-6 graphite/epoxy prepreg, 0.1321 mm for type 1 and 0.2642 mm for
type II material.

Table 2 Test cases considered for correlation studies (from Ref. ll)a

Test
case

1
2
3
4
5

h,
mm
6.35
6.35
6.35

12.7
12.7

D,
mm
3.18

12.7
50.8
12.7
50.8

Ci
MN/s
4.092
5.738
6.050

23.353
26.511

c,
ms
1.25
2.20
2.40
1.25
1.45

a,
mm
0.25
6.35

17.78
6.35

17.78
a/z = 6.35 and 12.7 mm refer to laminates A and B, respectively, in Table 1. h

is the total thickness of the laminate, D the tip diameter of the steel impactor,
Cj the experimentally obtained loading rate, c the contact time corresponding
to initial failure, and a half the base length of the approximate square contact
area at t—c.

C-SCAN 3-D SCAN

AS/3501-6 graphite/epoxy laminates were subjected to low-
velocity impact by spherical-tipped steel impactors in a drop
tower. Test panels were 66 cm (26 in.) long and 25 cm (10 in.)
wide and were bolted to steel substructures with 2.54 cm (1
in.) wide flanges prior to being impacted. Tests were in-
strumented to obtain the contact force variation during
impact, and the gathered data were numerically integrated to
compute the energy absorbed during impact (see Fig. 1).
Assuming the steel indentor to be rigid, the contact force data
were used to numerically compute the impactor displacement
during the contact period. After impact, the panels were
inspected visually and via ultrasonic through-transmission
tests. Ultrasonic C-scan records provide a planform size of the
internal damage in the impacted laminate, and B and three-
dimensional scans illustrate the damage distribution in a
three-dimensional manner (see Fig. 2). The planform
dimensions and the depth of indentation at the impact site,
corresponding to a midbay impact at the incipient damage
energy level, were also recorded for the various tests. Sub-
tracting the depth of indentation at t=c from the computed
impactor displacement at x=y = 0 and t=c (when initial
failure occurred), the maximum displacement of the laminate
at t — c was obtained.

A finite element analysis was also carried out for a limited
number of impact tests to permit a three-way correlation
study. One quadrant of the impacted laminate was modeled,
the transient loads to be imposed were obtained from the
instrumented impact test data,11 and the contact area was
varied in accordance with the assumptions of the present
analysis. NASTRAN was employed to obtain the finite
element solutions.

Table 3 presents a three-way comparison among the
analytical predictions, experimental measurements, and
numerical (finite element) solutions. The maximum transverse
displacement of the impacted laminates at x=y = Q (impact
location), corresponding to the time when initial failure

Table 3 Predicted and measured plate displacements
Maximum transverse plate displacement

), mma

Test case
(see Table 2)

1
2
3
4
5

Analytical
prediction

1.32
5.72
7.06
2.08
3.07

Experimental
measurement11

1.22
5.49
6.17
3.05
3.45

Finite element
solution

_
_
_

3.15
4.06

a w(0,0, —/z/2,c) corresponds to x=y = 0 (impact location), z= — h/2 (bottom
surface), and/ = c.

Fig. 2 Ultrasonic C, B, and three-dimensional scans of a typical
impact-damaged laminate location.11
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Fig. 3 Prediction of internal damage size for test case 2.
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Table 4 Predicted and measured strains
Longitudinal strain,a

___jumm/mm___
Transverse strain,a

jumm/mm
Test case

(see Table 2)
Analytical
prediction

Experimental
measurement5

Analytical
prediction

Experimental
measurementb

1
2
3
4

2850
7252
6725
4052

2318
6182
5455
4364

4,650
11,851
10,331
7,329

5,689
12,000
16,000
8,364

aCorresponds to *=.y = 0 (impact location), z= -h/2, and t=c. bObtained from oscillograph
records in Ref. 11.

Table 5 Predicted and observed failures
Internal damage size

(diameter in mm)
Test case

(see Table 2)
1
2
3
4

Analytical
prediction21

9.14
23.37
27.94
20.32

Experimental
measurement5

9.40
41.15
93.47
19.56

Flexural damage
on the back surface0

Analytical
prediction

None
M

F,M
None

Experimental
observation

None
F.M
F,M
None

aBased on an assumed failure value of 3.45 MPa (0.5 ksi) for the transverse shear stress, Q*/h.
bThis is the approximate diameter of the damage as seen on the ultrasonic C-scan record. *
CM denotes matrix splitting between fibers on the back surface and F fiber failure on the back

surface. F and M are precipitated when the strains along and perpendiculr to the fiber direction, in
the bottom ply, exceed 12,200 and 5500 /-imm/mm, respectively.

-0.3

-0.2

-o.i

f. CA\_GOJ.O C, „

3ence it is predicted that then
will be matrix splitting between
fibers in the back

$
I

Only £7 exceeds e ult >5 500 y in/in
12

0 1 2 3
Time (msec)

Fig. 4 Prediction of back surface failures for test case 2.

occurs (t=c), is chosen to be the basis for comparison. It is
seen that the analytical predictions compare well with the
experimental data in every case. For test cases 4 and 5, the
finite element solutions are also in fair agreement with the
analytical predictions and experimental measurements.

Table 4 presents a comparison between the analytically
predicted and experimentally measured back surface
(z= —h/2) strains at t=c in the longitudinal and transverse
directions of the impacted laminate. The strains, correspond to
locations in the back surface that are directly below the im-
pact site. Again, the analytically predicted strains are seen to
be in fair agreement with the experimental measurements for
the considered test cases.

The capability of the analysis in predicting the type and
extent of damage in the impacted laminate, at t=c, is ad-
dressed next. Assuming internal damage to be predominantly
delaminations, the extent of internal damage was predicted
based on an assumed failure value for Qx/h—the transverse
shear stress in the laminate.8 Delaminations were assumed to
extend from the impact site to the location where Qx/h at-
tained a value of 3.45 MPa (0.5 ksi), as shown in Fig. 3. The

choice of the mentioned failure value was arbitrary and was
selected to make the analytical predictions for the first test
case agree well with the C-scan measurements in Ref. 11. On
the back surface, computed strains were transformed to the
fiber coordinate system for the 45 deg ply, and fiber failures
and matrix splitting between fibers in that ply were predicted
based on assumed failure values of 12,200 and 5500
jLtmm/mm for the strains along and perpendicular to the fiber
direction, respectively (see Fig. 4). The stated failure strain
values were obtained from quality control static test results in
Ref. 11 and do not account for loading rate effects. A faster
loading rate will have a minimal effect on the fiber failure
strain value (12,200 junm/mm), and will increase the failure
strain level corresponding to matrix splitting between fibers
beyond 5500 /mim/mm. The magnitude of the latter increase
has not been determined for impact loading rates, and is
therefore not accounted for in the attempted failure
predictions.

Table 5 presents a comparison of analytically predicted
failures with the experimental observations in Ref. 11. With
the exception of the third test case, the analytically predicted
delamination sizes compare reasonably well with ex-
perimental (C-scan) measurements. Also, analytically
predicted flexure-induced, back surface failures are in
agreement with most of the visual observations made on
impacted laminates.n

Conclusions
An analysis was developed to study the response of

anisotropic laminated plates to low-velocity impact by a rigid
object. The analysis assumed a linear variation of the contact
force with time, based on experimental test data, until the
precipitation of the initial damage (t=c). The contact area
was also assumed to vary with time, although in an arbitrary
manner. Analytically predicted maximum transverse
displacements at the impact location (x=y = 0) at t=c agree
well with experimental and finite element results. Computed
longitudinal and transverse strains on the back surface (z= —
h/2) of the impacted laminate, directly below the impact
location (x=y = 0) at t=c, also agree well with available
experimental results.11 The validity of the analysis ceases
when delaminations are precipitated at t = c. The extent of
internal damage, predicted using an unsubstantiated failure
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value for Qx/h, compares reasonably well with experimental
observations. Analytical predictions of concomitant flexure-
induced back surface failures at t=c also agree well with
experimental observations. Therefore, the developed analysis
is believed to be adequate for an initial understanding of the
response of laminated plates to low-velocity impact. Its
usefulness can be enhanced through the development of
empirical relationships for the necessary input parameters and
the verification of the employed failure criterion for the
prediction of internal damage.
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